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Abstract. We prove some "high probability" results on the expected value of 
the mean width for random perturbations of random polytopes. The random 
perturbations are considered for Gaussian and p-stable random vectors, as well 
as uniform distributions on 1^ -balls and the unit sphere. 



1. Introduction and notation 

The convex hull of N independent random points is called a random polytope. 
Their study was initiated by Sylvester with a problem posed in the April issue of 
The Educational Times in 1864 [35]. He asked for the probability that four points 
chosen uniformly at random in an indefinite plane have a convex hull which is a 
four-sided polygon. Within a year it was understood that Sylvester's question was 
ill-posed. Therefore, he modified the question, asking for the probability that four 
points chosen independently and uniformly at random from a convex set K in the 
plane form a four-sided polygon. The problem became known as the famous "four- 
point problem" and was the starting point of extensive research (see also [3J and 
the references therein). 

Later, in their seminal papers [2T], [22], [23] Renyi and Sulanke focussed their 
investigations on the asymptotic behavior of the expected volume of a random 
polytope as the number of points N tends to infinity. 

Since then, random polytopes received increasing attention, especially in the last 
decades. Among other things, important quantities are expectations, variances, and 
distributions of geometric functionals associated to the random polytope. Examples 
are the volume, the number of vertices, intrinsic volumes, the distance between the 
random polytope and K, and the mean width, just to mention a few. 

The study is also stimulated by important applications and connections to var- 
ious other fields. Those can be found not only in statistics in the form of extreme 
points of random samples or in convex geometry used to approximate convex sets, 
but also in theoretical computer science in analyzing the average complexity of 
algorithms. In view of random perturbations, in this context it is important to 
mention the groundbreaking work [27] by Spielman and Teng in which they intro- 
duced the concept of "smooth analysis" which is a finer concept than worst-case or 
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average-case analysis, using small random perturbations of worst-case inputs of the 
algorithm. This was crucial to understand the excellent performance of the simplex 
method, allowing them to show that it has polynomial "smoothed complexity" . 

In this paper we are interested in one of the aforementioned geometric function- 
als, namely the expected value of the mean width. We study this functional for 
randomly perturbed random polytopes and give "high probability" estimates for 
several types of perturbations such as Gaussian, p-stable, uniform distributions on 
the unit sphere and on -balls. Crucial in the proofs of the main results is the 
so-called "concentration of measure phenomenon" , going back to an idea of Levy, 
and pushed forward and emphasized by V. Milman in the 1970's in his work on 
asymptotic geometric analysis (see also [16], [13]). Another important tool is the 
central limit theorem for isotropic log-concave random vectors [llj . which shows 
that for many directions, the density of the 1-dimensional marginals of an isotropic 
log-concave random vector is approximately Gaussian in some range. 

Now, let us introduce the notation we need in order to state our results. A 
log-concave random vector X in R™ is a random vector whose density with respect 
to the Lebesgue measure is f(x) — e~ v ^ x \ with V : R™ — > (— oo,oo] a convex 
function. A log-concave random vector is said to be isotropic if it is centered and 
its covariance matrix is the identity: 

• EX = 

• EXiXj = Sij, 

where E denotes the expectation and Sij is the Kronecker delta. We will denote by 
Px and Ex the probability and expectation with respect to the random vector X , 
or simply P, and E when no confusion is possible. If 9 is a vector in the Euclidean 
unit sphere if?™ -1 , fg will denote the density of the 1-dimensional marginal (X,0), 
where (•, •) denotes the usual scalar product in R n . 

Examples of isotropic log-concave random vectors are standard Gaussian random 
vectors or random vectors uniformly distributed in where K is an isotropic 
convex body and Lk is its isotropic constant. 

Let X\ , . . . , Xm be independent copies of an isotropic log-concave random vector 
X in R™ (n < N). The random polytope Kn will be defined as their symmetric 
convex hull, i.e., 

Kn := conv{±Ai, . . . , ±Xn}- 

If y is a vector in R N , the perturbation of Kn given by y will be denoted by Kn. v 
and is defined by 

K NiV := conv{±yiAi, . . . , ±y N X N }. 
If K C R™ is a convex body the support function of K is defined by 
h K (x) := max{(i, y) : y G K}. 

The mean width of K is 

w(K) := f h K (9)da(9), 

where da is the uniform Haar probability measure on 

Our first result involves perturbations of a random polytope when the perturba- 
tion is a standard Gaussian random vector: 
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Theorem 1.1. Let Xi, . . . ,Xn be independent copies of an isotropic log-concave 
random vector in R n (n < N < e^™ ) and let G be a Gaussian random vector in 
1* . Then there exist absolute constants c, c\ , c 2 such that for every t > 

p G U(i-t)< E *-f»y".g) < C2(1 + a > i _ 1 



log TV - v 7 - N ct2 ' 

In our second result we also consider a random perturbation of a random polytope 
where the random perturbation does not have independent coordinates: 

Theorem 1.2. Let X\, . . . ,Xn be independent copies of an isotropic log-concave 
random vector in M™ (n < N < e^™) and let u be a random vector uniformly 
distributed on S N_1 . Then there exist absolute constants c, Ci,c 2 such that for 
every t > 

Jue 5— : Cl (l - t) < EX -1: W N {KN ^ < c 2 (l + t)) > 1 



logN - ^ ' ' J - jv c * 2 ' 

Another random perturbation we consider, with non-independent coordinates, 
is the case in which the vector giving the perturbation is uniformly distributed in 
the unit ball of t^, which we denote by . We will prove the following: 

Theorem 1.3. Let X\, . . . , X/v be independent copies of an isotropic log-concave 
random vector in R" (n < N < e^) and let y be a random vector uniformly 
distributed in B N . Then there exist absolute constants, c\ , c 2 , c, c' such that for 
every t > 



( \ 

Cl (l-t)< Ex — <c 2 (l + t) 

(log N)p + 2 

V Np ) 



> 1 



TV p 



Finally, we will consider random perturbations of random polytopes, where the 
perturbation is given by a random vector whose coordinates are independent iden- 
tically distributed p-stable random variables. A real valued random variable £ is 
called normalized symmetric p-stable for some p € (0, 2] if its characteristic function 
is 

<fc(jc) = Ee^ x = e-W. 

In the case that 1 < p < 2 we have finite first moments, but no finite variance. 
Gaussian random variables are 2-stable. However, their behavior is rather different 
from the one of p-stable random variables when p is close to 2. We will prove the 
following: 

Theorem 1.4. Let X\, . . . , Xn be independent copies of an isotropic log-concave 
random vector in R™ and let £ = (£i,..-,£iv) where £i,...,£;v are independent 
identically distributed symmetric normalized p-stable random variables with § < 
p < 2. Then there exist absolute constants c, Ci,c 2 ,C > such that 

P C U{1 -t)< *Xu...,xMK N *) < +t) \> 1 - c^N- 

V Np J Np 

for every t with t p > cM^^- log(M) log(l + 2Mlog(M)), M = 
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The paper is organized as follows: in Section [2] we will state the main tools 
we will use in our proofs. In Section [3] we will prove the aforementioned theorems. 
Finally, in SectionUwe will prove an estimate for the mean width of some arbitrary 
perturbations of a random polytope. 

Given an isotropic log-concave random vector X and any 1 < p < oo, its L p - 
centroid body is defined via its support function 

h Zp{x) (6) = (E\{X,6)\n*. 

We will use the notation a ~ b to indicate the existence of two positive absolute 
constants Cx,C2 such that c\a < b < C2C1. c, c', c%, C2, C, . . . will always denote 
positive absolute constants whose value may change from line to line. Throughout 
this paper, | • | will denote the Lebesgue volume, the absolute value as well as the 
Euclidean norm and the meaning will be clear from the context. 

2. Preliminary Results 

A convex function M : [0,oo) -> [0,oo) where M(0) = and M(t) > for t > 
is called an Orlicz function. The conjugate function or dual function M* of an 
Orlicz function M is given by the Legendre transform 

M*(x) = sup (xt-M(t)). 
te[o,oo) 

Again, M* is an Orlicz function and M** = M. For instance, taking M(t) = ^t p , 
p > 1, the dual function is given by M*(t) = -prt p * with \ + i = 1. The n- 
dimensional Orlicz space £^ is M" equipped with the norm 

IN| M = inf|p>0 : f^M (M) < 1 j . 

In case M(t) = t p , 1 < p < 00, we just have || • || m = \\ ■ \\p- For a detailed and thor- 
ough introduction to the theory of Orlicz spaces we refer the reader to [H] and [3D] . 

In [S] the authors obtained the following result: 

Theorem 2.1 ([8] Lemma 5.2). Let X\, . . . ,Xj\r be independent identically dis- 
tributed random variables with finite first moments. For all s > let 

M(s) =([ \Xx\dFdt. 

Jo Jl^Xxft 

Then, for all x = {x,)f =1 E R N , 

E max \xiXi \ ~ \\x\\ M - 

l<i<N 

Obviously, the function 
(1) M(s) = / / \Xi\dFdt 

Jo J{±<\Xi\} 

is non-negative and convex, since /ri < |_ x -ii |X|dP is increasing in t. Furthermore, 
we have M(0) = and M is continuous. 

As a corollary we obtain the following result: 
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Corollary 2.1. Let Xt, . . . ,Xn be independent identically distributed random vec- 
tors in l n and let Kn = conv{±X\, . . . , ±Xn}- Let 9 6 5 n_1 and 

M {s)= ( ( \{X u 6)\<^dt. 

Jo J{$<\{X U 6)\} 

Then, for every y £ R*, 

Eh KN J9)~\\y\\ Mg . 

Another important tool we will use is Klartag's central limit theorem from [llj . 
Here, 7 stands for the density of the standard Gaussian, i.e., j(t) — ~ s ~- 

Theorem 2.2 ([11], Theorem 1.4). Let n > 1 be an integer and let X be an 

isotropic, log-concave, random vector in WL n . Then there exists C S 1 " -1 with 
fn.-i(@) > 1 — Ce _v/ " such that for all 9 G 0, the real valued random variable 
(X,9) has a density fg : R™ — > [0, 00) with the following properties: 

(1) nolM*)-7(*)|dt<^ 

(2) For all \t\ < n K we have - 1| < 

Here, C, k > are universal constants. 

Finally, in order to prove that the estimates of the expected mean width of 
a random perturbation of a random polytope hold with high probability, we will 
need some concentration of measure results for the random vector that defines the 
perturbation. 

The concentration of measure inequality on the sphere states the following: 

Theorem 2.3. There exist absolute constants c, C such that if f : M. N — > M is 
1-Lipschitz, then for all t > 

a(9e S 1 *- 1 : \f{9) - E/(0)| > t) < Ce' ct2N . 

As a consequence, since the Gaussian measure is rotationally invariant, we have 
the following: 

Theorem 2.4. There exist absolute constants c, C such that if f : M. N — > M is 
1-Lipschitz and G is a standard Gaussian random vector in M. , then for all t > 

P G (\f(G)-Ef(G)\ >t) <Ce- ct \ 

In [2B], the following concentration of measure result on (1 < p < 2) was 
proved. The case 2 < p < 00, for < t < 2 is a consequence of the concentration 
of measure theorem in uniformly convex spaces proved in [B] : 

Theorem 2.5. There exist absolute constants c, C such that if f : — > M is 
1-Lipschitz and y is a random vector uniformly distributed on B^ (1 < p < 2), 
then for all t > 

F y (\f(y)-Ef(y)\>t)<Ce-^. 

The corresponding concentration of measure result for p-stablc random vectors 
can be found in [10] . which we state here not in its most general form: 

Theorem 2.6. Let y = (£1, . . . , £jv) be a random vector, with £1, . . . £w independent 
symmetric normalized p- stable random variables, p > |, and let M = jr - - 
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/ : M — > K be a 1-Lipschitz function. Then there exists a constant C > such 
that 

F y (\f(y)-Ef(y)\>t)<C^, 
for all t with tP > AM log (A/) log(l + 2M log(M)). 

3. Random Perturbations of Random Polytopes 

In this section we will prove Theorems 11.111. 2IHT51 and 11.41 The proofs of the 
three results follow the same lines: we consider the function / : — > K 

f(y) = ^x 1 ,...,x N w{K N , y ) 

and we apply the concentration of measure theorems to j- , where L is the Lipschitz 
constant of /. In order to do that we need to compute the expectation of / in the 
three cases and the value of L. In the following lemma we compute the value of L. 

Lemma 3.1. Let Xi, . . . , X x (n < N < e^™ ) be independent copies of an isotropic 



log-concave random vector in R n , and let f 



be the function f(y) 



^x 1 ,...,x N w{KN, y )- Then there exists an absolute constant C such that for any 



j/i)2/2 e 



pJV 



have 



Proof. Let y t ,y 2 € 
|/(2/i) - /(2/ 2 )| = 



|/(2/i)-/(2/2)|<<Vlo^|2/i-2/2| 
l N be any two vectors 



< 



< 



< 



< 



Ex! 

1 

E Xu ...,x 
E Xu ...,x 



V A 



max Kyi(j)Xi 

Kt<N 



max .\(y 2 (i)Xi,t 

Ki<N 



max \(yi(i)Xi,6)\ - max \(y 2 (i)Xi,( 

Ki<N Ki<N 



da{9) 
da{9) 



max .\{{yi{i)- y 2 (i))X i ,9)\da(9) 

1<2<N 



max 



E 



Xi ,...,Xi 



max \(uiXi,6)\dcr(9)\yi 

Ki<N 



2/2 I 



max E Xl ,...,x N w(K N u )\yi 
lies"- 1 

^■x u ...,x N w(K N )\y 1 - y 2 \, 



2/2 I 



since \ui\ < 1 for all 1 < i < N. Since E,x lt ...,x N w(Kx) < C-^/log N the result 
follows (see [5] for a proof in the context of random polytopes in isotropic convex 
bodies). For the sake of completeness we provide here a proof of this fact in the 
general context of isotropic log-concave vectors: take p — log N 

^Xi,...,x N w(K N ) = / E Xl ,...,x s max \(Xi,9)\da{9) 



lg n - 

: C I E x . x 



Ki<N 



< C Ux u ...,x N ^\{Xu 




CN? / (E Xl \(Xi,9)\ p )* MO) 

J gN — 1 

Cw{Z losN (X)). 
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Now w(Z\ og N(X)) ~ y/logN whenever 1 < N < e^™ (see [IT] for a proof in the 
context of random vectors in an isotropic convex body. The same proof works for 
a general isotropic log-concave random vector) . □ 

The following lemma was essentially proved in [2], Since it will be crucial in 
order to estimate E/(y) when y is a random perturbation, we include the proof 
here. It is based on Klartag's central limit theorem. 

Lemma 3.2. Let X be an isotropic log-concave random vector in R" . If n < N < 

n s there exists a set of directions C S"™ -1 with <r(Q) > l — Ce"^™ 1 and a constant 
k such that if 9 G Q and a 2 < 4 then 



P(\(X,9)\ >a^/hiN) > — 



N—yJlogN 

Proof. By Theorem 12.21 there exist a constant K and a set C S*™ -1 with measure 
greater than 1 — Ce _v/ ™ such that for any 6 € 9 and any < t < cn K we have, 
using the well known estimate for every t > 1 

< / 7(s)ds < ,v y 



2i " / t " * 



and so 

p(|<x,*>|>t)>i-(i + £) 

Taking < = a-^/log A we have that i < cn K , since N < n s . Thus 



P(|<X,0}| >aVlogiV 



> 



> 



> 




/ 27rav / logiV w K 

1 C" 



2rraA^-VlogiV n 
1 C" 



27raAT-VIoglV ^ 



1 / C"aVT5glV 



> 



27raA— y/log N \ 
C 



2-KaN—^/\ogN 



whenever N > Nq if we take \ < j- D 

In the following lemmas we will compute the expected value of f(y), when y is 
distributed according to the previously mentioned distributions. Since the tech- 
niques we use to compute it are quite different when the number of vertices is 
big and when the number of vertices is small, we divide both cases into separate 
lemmas. 
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Lemma 3.3. Let X\, . . . ,Xn (n < N < n s ) be independent copies of an isotropic 
log-concave random vector in M. n , and let f : R N — > M be the function f(y) = 
E Xl ,.... XN w(K x ,y)- There exists a constant depending on 5, C\{5) and an absolute 
constant c 2 such that if G = (gi, . . . , gw) is a standard Gaussian random vector in 
R N then 

Cl (S) log N < E/(G) < c 2 log N. 
Proof. For any 9 £ S 1 ^^ 1 we have that 

x^^W = E G E Xli ...,^ max |( 5 ^,0)| 

l<z<iv 

< E G max \gi\E Xl x N max \(X l7 9)\ 

Ki<N Ki<N 



< y/logNE Xl ,...,x N h KN (9). 
Integrating in 9 we obtain the upper bound 

E/(G) < c 2 log TV. 
On the other hand, for any 9 € S*™ -1 we have 

E G E Xu ... XN h KNG {9) = E g E Xu ... Xn max \gi\\(Xi,0)\ ~ ||(1,. . ., l)||jv e 



= inf{ S >0:iV e (!)<!} 



where Ng is the Orlicz function given by 



Ng(s) 



2 / \a\fg{a)b—=dbdadt. 

Jo J-ooJi V2tt 



Thus 



Ng(-) = 2 [' I [ \a\fg(a)b^dbdadt 
W Jo J-ooJ^ v2tt 

\a\fg(a)e~ dadt 



[* 

oo 



2 roo 

> —= / / \a\fe(a)e~^ dadt 

V2TT J^. J-oo 

2 f "s /*°° 2 2 

> / / \a\fg(a)e^^ T dadt 

1 f°° _2s* 

= 7= / M/e(a)e da 

V27TS 7_oo 



oo 

> / |a|/e(a)e ^ da 
\2irs J{|a|>yi} 

> -7^= / / fl (a)e- 2s da 

V 2?TS J{|a|>yi} 

= -^!1p(kx^)|>v^). 

V27TS 

Taking s = a 2 log N we have that for every 9 e S 1 " -1 

W» I 9/ »J > , ; 1 :F(\(X,0)\ > aJlogN) . 

Va 2 logiVy " N 2a 'y/2Tra 2 logN V x ' 71 " v 5 7 
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By Lemma 13.21 there exists a constant K such that if a 2 < f , then for a set of 
directions 9 with ct(0) > 1 — Ce _v/ ™ we have that 

P(|(X,0)| > a^logN 
and so for this set of directions 



> 



N—^flogN 



N ° (a 2 logiv) " N i a2 a\ogN > AT' 
if a is chosen small enough. Consequently, for this set of directions 

(9) > c(S) log N 

and, by Markov's inequality, 

E/(G) = E g E Xu ... Xn w(K N!G ) > c(S)logN(l - Ce-^) > Cl (S)\ogN. 

□ 

When the number of vertices is bigger, following the proof in 4) where the 
authors used the ideas in |14j to prove a similar result when no perturbations are 
involved, we have the following stronger result: 

Lemma 3.4. Let X±, . . . , Xjy (N > n 2 ) be independent copies of an isotropic 
log-concave random vector in M. n . There exist an absolute constant c such that if 
G = (<7i, . . . , gw) is a standard Gaussian random vector in M. N then 



[K n ,g 2 c^/logNZ logN {X)) 



Proof. Let r : ~ ► ^2 be the random operator 

r (y) = (gi( x i,y), ■ ■ -,9N(x N ,y)) 

and for every 7 > 0, let f2 7 be the event 

o 7 = {||r|| < 7 \^vViogiv} • 

We have that 



.x u ..,x K (lK) = Vg,x u ...,x n ^max i l^ 5 2 (X l ,0) 2 > 7 2 logiV^ 

1 N \ 

i=l / 

I max iV(X„e) 2 > -Cr I 

( 1 N 2 \ 

max _y^(x 2 ,6») 2 > -L 
[ees—i N ^ ' 1 a 2 J 



< Pg,Xj x N max g 2 max 

\ l<i<N 1 fleS"- 1 



< P G ( max \ 9i \ > aVlogAT) + 

l<2<iV 



< NF gi (\ gi \>a^\ogN)+¥ Xl _ x , 



2N 

< -= Q 2 +Px 1 ,...,x J 



\ t J. 

[ m ax — V(Xi,0) 2 > 4 I . 
Ues»-i N ' 7 a 2 y 
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An application of the main Theorem in |15] gives that if N > cinlog 2 n (which 
happens for n big enough since we are assuming N > n 2 ) then if ^ is a constant 
big enough 



[ max _L Y(X U 9) 2 > ^ | <e- c ^( 
Ues»-' N ' ' a 2 J ~ 



(logN)(nlog,i) 



Consequently, if we take a a constant big enough and 7 a constant big enough we 
have that 

P{Q C ) < e n 

with e n tending to as n goes to 00. 

On the other hand, for any a C {1, . . . , iV} and any € 5' n_1 , by Paley-Zygmund 
inequality 

Pc^,...^ (max 1(^,0)1 < i(E|fli|)i(EKXi,0)|«)? 
= n P GA,-,^ (l(s*A 4 ,0)| < ^E^D^EKX^^I^i 



< 1-1- 



2 

l\*V (Ebi|«EKJf 1> ff)|«) ii 



E|fli| 2 9EKXi,d>| 2 9 J • 

Since, by Borell's lemma (see [IB], Appendix III) there exist absolute constants 
C\ , C2 such that 

E|.gi| 2 " < C?%i|« EKXi,e>| 2 « < ClEKXi,^!' 

the quantity above is bounded by 

, 1 V CT| 

1--— <e—&*. 
4C"? J ~ 

Take /3 £ (0, |], m = 8(^) 2/3 andfc=[^]. Let oi Ok be a partition of 
{1, . . . , N} with m < \&i for every i and || • ||o be the norm 

fc 



ktllo = 7- max ! u , 



i— 1 

Since for all 1 < i < fc and every z S l n 

h>K H ,G ( z ) = , m .ax I , z) | > max | , z) | , 

1<]<N J^Oi 

then for every z G K" 

hK N , G {z) > ||r(z)|| . 
By Markov's inequality, if z £ M™ verifies ||r(z)|| < ± (E|3i| 9 )' (E|(Xi, z}| 9 ) « 

aiir«Vi 

I 

for every % £ I. Thus, for every z £ M. n 

1 



then there exists a set I C {1, . . . , fc} with | J| > -| such that 

maxl^X^z)! < l(E\ 9l \«)« (E\(X u z)\^ 



./ x, x , I. ||r(z)|| < i (E| 5l r)^(E|(A 1 ,z)r)^ 
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m=rn 

< 

|/|=r|l ie/ 



i=rli 

E II ^ v, [max|(^-,z)| < ^(E| 5l |«)i (E|(Xi, 



\i\=\\\i& V l 2 l / 



if we take g ~ /3 log ^ . 

Now, let S = {z e R n : | (E|(X!, 2>|«)« = 1} and let U be a 5- 

net with cardinality |L/| < (§)™.i.e., for every z <G £ there is ti S [/ such that 
(E|(X 1; z-u)|«)^ < 5. Then 



3ueU : ||I»|| < - ) < e 



1 I - rilog l-cA^-V 



Now, if T e Q 7 , since (E|(X l7 > \z\ for all z E R", we have 

||r(z)||o<-^=|r(z)| < 7 ^ v ^oi]v|z|< 7 yjyioilv(E|(x 1 ,z)r)i 

since -y/log AT — ^log ^ — ^(E|.gi| 9 )9 because TV > n 2 . Thus, for every z e S 
there exists u e U such that | (El^l 9 )^ (E\(X 1 ,z - u)\ q )« < S and so 

||r( u )||o<||r(z)|| + c-^^. 

Choosing 5 = we have that 

fG, Xl ,...,Xs (ren, :3zeR n : \\r(z)\\ < ± (E|ffi|«)« (E|(Xi,2;)| 9 )« 



= Pg,^ Xk (ren, ( :3zeS: \\T(z)\\ <\ 

< f G , Xl ,...,xs (r e Q 7 : 3u e £/ : \\T(z)\\ < l - 

if TV > C(/3)n. 

Consequently, choosing /3 a constant in (0, |] with probability greater than 1 — 
g-cw 1 V _ £n wc navc that 

K N , G 2 ^(E\ 9l \^ Z q (X) D c^NZ logN (X) 

□ 



Corollary 3.1. Let Xi,...,Xn (n < N < e^ n ) be independent copies of an 
isotropic log-concave random vector in R™, and let f : R N — > M be the function 
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f(y) — x n w{Kn, v ). There exist absolute constants c\,ci such that if G 

(<?!, . . . , gw) is a standard Gaussian random vector in M. N then 

cilogTV < E/(G) < c 2 log7V. 
Proof. If n < N < n 2 this is Lemma [3731 If n 2 < N < by Lemma [3741 



Pg,a 1 ,...,a-„(w(^jv,g) > c^/logNw(Z logN (X))) 
tends to 1 as n — > oo. Thus, by Markov's inequality 



E/(G) > c'^/hgNw(Z logN (X)) ~ log N. 

□ 

By integration in polar coordinates, we obtain the following: 



Corollary 3.2. Let X\, . . . , Xn (n < N < e^ n ) be independent copies of an 
isotropic log-concave random vector in W 1 , and let f : M. N — > R be the function 
f(y) = Ex ll ...,j( N w(ifjv,t()- There exists absolute constants Ci,c 2 such that, if u is 
random vector uniformly distributed on S N_1 , then 

\ogN f w , w IokN 

c\—j=- < / f(u)da(u) < c 2 - 



In order to compute E/(y) when y is uniformly distributed in we need the 
following lemma, which was proved in |24j : 

Lemma 3.5 (|24). Lemma 2). Let gi,...,gN be independent identically distributed 
random variables with density f g {t) = 9r( - 1 1 + i-^ e~^ P . For all 1 < p < q < oo, if 

N > 20pr ^1 + M, then E f^TJiLi Iffd 9 ) * * s equivalent, up to absolute constants, 

- - \ — 

to qp N i , if q < \ogN, and to (logiV)p , otherwise. 

Consequently, if p < CN, we have that 

E max I Ojl ~ (log TV) p. 

Ki<N 



Lemma 3.6. Let X\, . . . , X^ (n < N < e^ n ) be independent copies of an isotropic 
log-concave random vector in M. n , and let f : M. N — > M. be the function f{y) = 
Ex! x N w (-^N,y)- There exist absolute constants c±, c 2 such that for any 1 < p < 
oo, if y is a random vector uniformly distributed on , 

(logjV)? + ^ (logAT)» + ' 

ci t — < Eyfyy) < C2- 



Np Np 

Proof. Let G — (g%, . . . , <?Ar) be a random vector where gi, ■ ■ ■ gN are independent 
identically distributed random variables with density with respect to the Lebesgue 
measure given by 



e -|*l p 



2r ( i + i 



For any 9 € S n 1 and any 1 < p < oo, by Fubini's theorem, 

r e -IMI£ 
E G E Xl ,....x N h KN G (9) = / E Xl ,...,x N h KNiX (0)- — ^ dx 
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n-115 (2r(i + iJ 

lXi,...,x N hKit <x (9) dxdt 



° (2T(l+J 

t v e 



N I I 

tP B£ 



(zr (i + 1 
r(i + ^) 
2r (i + i 



/ E Xl ,...,x N hK N , v (0)dydt 

B N 



^x x> ...,x N hK N , y {0)dy 



r(1+ JV+l 
p 



r(i + f 

On one hand, if 1 < p < log N, by Lemma [3751 

E g Ex 1 ....,x„/ik n G (6*) = E G E Xl ,...,x N max |(#iXi,0)| 

l<i<N 

< E G max |5i|Ex 1( ...,x w max |(Xi,6>)| 

l<i<iV 1<j<JV 

~ (logiV)pEx 1 ,...,x JV /iif JV (^), 

and integrating in 9 e 5 n_1 we obtain that there exists an absolute constant such 
that 

(logj\Q? + * 

< c 2 1 ■ 

On the other hand, like before, we use different techniques to prove the lower 
estimate depending on the number of vertices. Assume first that n < N < n s . 

E G E Xl ,...,x N h KN G (0) = E G Ex u ...,x N max \(giXi,6)\ ~ ||(1, . . . , 1)||jv 9 , 

l<i<N 

where 

pS pOO pOO -b p 

N e (s) = 2 / / \a\bf e (a) -, ^dbdadt. 

Jo J-ooJ^ 9rh + I J 



a|t 



Notice that 



1\ f~ f 00 f°° e~ bP 
N 8 I - = 2 / / / |a|6/ e (a) 7 v dbdadt 

sJ J J-ooJ^ 2r(i + | x 



I r poo poo 

> —, r / / / \a\bf e {a)e- bP dbdadt 

T ( 1 + I) J ± 



X 



(25 -I) 



2 V S 

POO POO 



> — r — 7 '—T I I 1 |a|6/<?(a)e bF dbda 

2psT (l + l) J -°° J ^ 



2p S r + ±) J{|a|> S P^ } 
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> i . F(\(X,9)\>s^) L _^be- bP db. 



(2' ~ 1) 

Taking sq — (a 2 log N)p +2 , we have 

N e (-) > (2P \ l \ ^(\(X,6)\ >a^N) H 1 fee" 6 * db. 

\ s o/ 2p(a 2 logN)pT (l + ±) v ' J(2 Q 2io g v)p 

By Lemma 13.21 there exists a constant K such that if a 2 < j, then for a set of 
directions with er(O) > 1 — Ce _v/ " we have that 



p(|(X,0)| > av/iogiV 

Besides, if 1 < p < 2, 



> 



iV^VTogTv 



'(2a 2 logV)P J (2a 2 log N)p PN a 

and so, choosing a a constant small enough with a 2 < 4, 

* (£> > i' 

and for every 9 € 

EGEjc 1 ,... J x w /ijf x , (fl) > ci(<5)(logiV)? + i 

If 2 <p < logiV 

/>00 

_ 6e" hP d6 = / b 2 - p b p ~ 1 e- bP db 

(2a 2 log AT)P J (2a 2 log N)p 

i p-2 r fo^ 1 _ 6 > 

re do 



(2a 2 logA0~pN 2Q P J(2c t 2 io g v)p 
1 p-2 



(2a 2 log N^pN 2 * 2 p 2 (2a 2 logN) 2l T 2 -N 2a2 
1 ^ 2 



(2a 2 log N) ^pN 2012 \ p(2a 2 \ogN) 
and also in this case, choosing a a constant small enough with a 2 < - 



5 ' 



and for every 9 e 

E G E Xu ... tXN h KN:G (d) > ci(<5)(logiV)^ 
Integrating on S n ~ 1 , by Markov's inequality, 

E G f(G)> Cl (6)(logN)7 + 3, 

and so 

flog 
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If p > log N the estimate we have to prove is 

Cl (8)y/logN < E b m f(y) < c 2 ^\ogN. 
Since for every y £ maxi<i<Ar < 1, 



f(y) < f(l, . . . , 1) - E Xi _ Xn w(K n ) ~ VbglV. 
On the other hand 

1\ /"« f°° r°° e~ bP 



Ne - = 2/ / / |o|6/s(o) 7 v dbdadt 



•/-<» ^tAi 2r 



p 

1 



00 /•oo 



> — ^ r- 1° I I \a\bf e (a)e- bP dbdadt 

r i + ± 



— 00 ■ 
00 poo 



> y 1 r- / / \a\bf 9 {a)e- bP dbda 

> }■ r- / / \a\bf e (a)e- bP dbda 

2sT (l + |J "'{|a|> S P+2}"'lf 

> — 7 -rV[\(X,0)\ >s^) / 2 fee" 6 "*. 



Taking sq = (a 2 log N) p + 2 , we have 



V, ; I — ) > -, {\(XM> aJ\o&N) I , be- bP db. 



^(\{x,e)\>u^iN, , 

s oJ 2(a 2 \ogN)pT (1 + ij v ' J2{ a *iogN)p 

By Lemma 13.21 there exists a constant k such that if a 2 < f , then for a set of 
directions G with cr(O) > 1 — Ce _x/ " we have that 

\(X,0)\ >ay/fcgN) > 



N—yJlogN 

Since p > log N, 2 (a 2 log A'')? is smaller than some constant C and so 

/■2C 

_ be~ bP db> be- bP db > c'. 

2(a 2 logAT)p Jc 

and like in the other cases, taking a a constant small enough and integrating on 
S n ~ 1 we obtain the result. 

Now assume that n 2 < N < e^™. The proof in this case follows the one of lemma 
13.41 so we just sketch it. Let T : — > t% be the random operator 

r(j/) = (gi(X 1 ,y), . . .,g N (X N ,y)) 

and for every 7 > 0, let f2 7 be the event 

n 1 = {r : ||r|| < 7 Viv(io g 7V)?}. 

We have that if N > c\n log 2 n 



(f2°) < P G ( ™gx- N \9i\ > a(logN)p J +Fx 1 ,...,x N \ „max i — } jX i7 9) > 



( 1 N 

max — > (Xi 
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/ . N 

< NP(\gi\>aQ 0g N)$) +Fx u ...,x„ I m^-^I,^) 2 > 1 

\ i=l 

1 r . 1 < N \i 

< \- e C2 c((la e N)( n ia Sn ) ) _ 

P r (i + ij N "- 1 

Consequently, if we take a a constant big enough and 7 a constant big enough 
we have that 

P(ft c ) < e n 

with £„ tending to as n goes to 00. Like in the proof of Lemma EOl if f3 £ (0, |], 
g ~ /? log and r € ft 7 we have 

||L(z)|| <-^|r(z)| < 7^(bgJV)5H<7^v^i^(EK^i,«>|*)« 

^ 47\/f(%i| 9 )"(E|(^i^)| 9 )", 

1 1 1 

since (log AT) p ~ (log^-) p - -^(E|gi| 9 )? because N > n 2 . Thus, for every z e S 

there exists u € 17 such that \ (¥\g\\ q )~* (E|(Xi,z - u)\ q Y < S and so 
||r( M )||o<||L(z)|| + C-^^. 

Choosing (5 = ^ P we have that 

4C7V-/V 

P G , Xl x N (refi 7 :ie E n : ||r(«)|| < \ (E\9i\ q )« (E|(Xi, z)\ 9 )«) < e- 5 * 1 ""^ 

if JV > C(j8)n. 

Consequently, choosing /3 a constant in (0, |] with probability greater than 1 — 
e -cAr 'V £ ^ we nave ^at 

#jv,g 2 i(E| fll |»)?z,(A:) 2 c(\o g N)^z logN (x) 

o 

Using Markov's inequality we obtain the desired estimate. 

In the case p — 00 we proceed in the same way taking G a random vector 
uniformly distributed in B^. □ 

Let us now compute the expected value of / when y = (£1, • • • , £/v)j where 
£i,...,£at are independent copies of a p-stable random variable. It was proved 
in [5] that for 1 < p < 2 a sequence of independent copies of a p-stable random 
variables £ generates the corresponding £ p -norm, i.e., if £1, . . . , £tv are independent 
copies of a p-stable random variable, then 

(2) E max \x^i\ ~ ||x|L, 

l<i<iV 

for any x € R w . The corresponding result for ^ p -norms where p > 2 was proved in 
|18j . using log-7i,p distributed random variables. 
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Lemma 3.7. Let X\, . . . , Xn be independent copies of an isotropic log-concave ran- 
dom vector in R", and let f : M w — > R be the function f(y) = ¥*x 1 ,...,x n w(Kn, v ) ■ 
Let 1 < p < 2 and y — . . . , £j\r), where £i, . . . , £/v are independent copies of a 
p-stable random variable £. Then 

E v f(y)~Ni. 

Proof. First of all, let 9 £ S" l_1 . Then, using we have 

E y E Xli ... iXN h KN j6)=E y E Xl Xn i max v |e i (X l ,0)|~E Xl: ..., Xjv ||((X i ,0))£ 1 || p . 

Therefore, using Jensen's inequality, we obtain that 

E y E Xl _ XN h KN je) > c\\(E Xi \(Xi, 0)1)^ || P . 

Since, as a consequence of Borell's lemma, E x \(Xi,9)\ ~ 1, we obtain the lower 
bound 

E y E Xl _ XN h KN je) > cm. 

On the other hand, using Holder's inequality, we get 

/ N 

Ex 1 ,...,x N \\((X l ,9))l 1 \\ p < [J2®x\(X h 6)\ 

\i=l 

Again, since by Holder's inequality E Xl ,...,x N 9)\ p < 1, we obtain the upper 
bound 

E v E x h KN J9)<CN*. 

The bounds do not depend on the direction 9 £ S 1 " -1 . Therefore, taking the average 
on the sphere and using Fubini's theorem we get 

E y f(y) = [ E y E Xl _ tXN h KNy (d)do-(d)~N7. 

□ 

Remark. Exchanging p-stable by log-71^ distributed random variables and using 
the results from [18] , Lemma 13.71 can be obtained for p > 2 with constants only 
depending on p. 

As mentioned before, there is an Orlicz norm || • ||m„ associated to every direction 
9 in the unit sphere. The proofs of the three previous lemmas give us the following 
properties of these norms: 

Corollary 3.3. Let X be an isotropic log-concave random vector in R™ and for 
every 9 let || • \\m b be the Orlicz norm in M. N defined in Theorem \2.1\ Then 

a) For every 9 and every N, if y = (£i,.-.,£zv) is a random vector where 
£1, . . . , £/v are independent copies of a p-stable random variable £ (I < p < 

V, 

E y \\y\\ Me ~Nt 

b) There exists a set 6 C S^ 1 with a(Q) > 1 - Ce _v ^ such that if n < 
N < n s and G is a Gaussian random vector in WL N or y is a random vector 
uniformly distributed in , then, for every 9 £ 0, 

c(J)logJV<E G ||G||Af 9 < Clog A 
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(logAQ*^ ^ F || || ^^ (logiV)^ 

Np Np 

Proof. The proof is contained in the three previous lemmas, using that ||y||M e ~ 
^x 1 ,...,x N hK Nty {0)- The only thing left to prove is that if 9 £ Q thenEx 1 ,...,x N hK N (0) < 
Cy/TogN, which is a consequence of the central limit theorem. Let us denote by 
Kg the floating body defined by 

h Ks (6) = sup{t > : F(\(x,6)\>t) > 5}. 

It was proved in |19] that K$ is homothetic to Z log i with absolute constants. Then 

(N \ iSgN 

and if is in the set given by the central limit theorem, then 



F[\(X,e)\>l3y/fo£N) = / f s (t)dt 



1 



< [1 + ~ K )2J Q 7(*)* 

< 8 < 1_ 

N%j3y/\ogN 7V ' 

if /3 is a constant big enough. □ 

Now we can apply the concentration of measure results and prove the theorems. 

Proof of Theorems\Tj±\n^ O and\TQ Let / : M. N — > R be 

f(y) = Ex u ...,x N w(K Nyy ). 
By Theorem 12.41 for any t > 



/(G) x 



ct ( E G /(G)) 

< t > 1 - e 



E G /(G) 

where L is the Lipschitz constant of /. Thus 

ct 2 (K r f(G)) 2 

P G ((1 - t)E G f(G) < f(G) < (1 + t)E G /(G)) > 1 - e z* , 

Applying Lemmas I3.1l and Corollary 13. lt o estimate L and E G /(G) we have 
P G (ci(<J)(l -t)logiV < /(G) < c 2 (l+t)logiV") > i_ e -=(<5)t 2 iog^. 



In the same way, applying Theorem l2.3l and Lemmas 13. H and Corollarv l3.2l we prove 
Theorem 11.21 Applying Theorem 12.51 and Lemmas 13.11 and 13.61 we prove Theorem 
1.31 Finally, applying Theorem [2Jj] and Lemmas 13. II and 13. 71 we obtain the proof of 
Theorem O □ 
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4. Partial Results for Arbitrary Perturbations of Random 

Polytopes 

In this section we will give a lower estimate for the expected value of the mean 
width of Kpf^y when y is not a random vector. We will prove the following: 

Proposition 4.1. Let Xi, . . . , Xjv be independent copies of an isotropic log-concave 
random vector in W 1 . There exist absolute constants C\,C2 such that for any y £ M. N , 
if we call 

I(y) :={k£{l,...,n}: - * = (< jf} ) < n° 

where y* denotes the decreasing rearrangement of y, then 



IP /TV- c 2v /log(fc+l) 
¥.w{Kn y ) > sup — . 

V k ^ l=1 \vt\ 2 

Remark. Notice that in the case y = (1, . . . , 1) and n < N < n s we recover the 
exact lower bound for Kw(Kn). 

Proof. Let y £ R N and k £ I(y). We can assume without loss of generality that 
y = y* . Obviously, we have that 

K N , y 2 conv{±y 1 X 1 , ±y k X k } =: K k ^ y . 

Thus, for every 9 £ S" l_1 

h KN J9) > h Kk J9) = max \{ yi X h e)\, 

l<i</C 

and then 

Kh KN J9) > m Kky (9) - E max 

l<i<k 

By Theorem O 

E max \( yi Xi,9)\ ~ \\y\\ m = inf js > : (M) < i| . 

Moreover, M e (^fj >w(\{X,9)\ > ^) . This holds because for every i = l,...,k 

M e (M) = [ ' [ \(x,9)\d¥dt 
V s / Jo J{\(x : 0)\>±:} 

>(.'.! \{x,9)\dFdt 

•% n\M\>k) 
- p (' Mli H 
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Hence, we obtain for every 9 G S r ' 



m KN Jd)>cmf!^s>Q : ^ F{\(X,0)\ > ^ } < l| . 
Now, if for some Sq > we have 

£'('<*•>' a isr) l>1 ' 

we obtain E/ij^,^ (#) > cso- 

By Theorem l2.21 there is a constant k and a set C S' n_1 with <r(0) > 1— Ce _v/ " 
such that if 9 £ and A- < n K 

1 I — 









-If 




n K J \ 


2t 2 






r c , 


2iv / 2~7r 





> 

Thus, we are looking for t such that 



y 1 ^; 1 >2+c-, 



and, therefore, a t such that 



fc r-^ 2tV2n min{/c,n K } 

2—1 



works. By the arithmetic-geometric mean inequality 



Taking t = V" i°g(fc+i)^ we obtain that this quantity equals 



fe Si=l |y-|2 lL=l 1 2/ i I fc . 1 



> 



2 v ^F A /alog(fc + l)/c Q 2 y^TTy/ a log(fc + l)fc Q 

C" 
min{k.n K } 



which is greater than m - n f h , if a is a constant small enough. Thus, for every 
')■ <-). 



Cy/\0g(k + 1) 



■' " 'l V-fc ! 



' 1 1 

k Z^j=i | y «| 

By Markov's inequality 



c 2v /log(fc + l) 
i,w{K Ny ) > / = 



□ 
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